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Dynamics of quantum field theory can be formulated by functional equations. To develop a 
complete functional quantum theory the physical information has to be given by functional 
operations only. The most important physical information of elementary particle physics is the 
Ä-matrix. In this paper the functional ^-matrix is constructed for the scattering of relativistic 
dressed particles, i.e. for particles with structural properties. The basic functional equation is 
assumed to be derived from a nonlinear spinor field equation with noncanonical relativistic 
Heisenberg quantization. The initial free dressed many particle states are defined, and the scat-
tering functionals are constructed. By the use of irre ducible representations the equivalence of the 
functional ^-matrix with the conventional Hilbert space definition is shown with respect to an 
appropriate definition of the functional scalar product. Technical details are discussed in the 
appendices. 

The operator equations of quantum field theory 
can be replaced formally by functional equations 
of corresponding Schwinger functionals1 - 3 . To 
give this formalism a physical and mathematical 
meaning it has to be considered as a mapping 
between physical state spaces and functional state 
spaces4 , 5 . Thus one has to develop a complete 
functional quantum theory, where the complete 
physical information has to be obtained by func-
tional operations only. This has been proposed in 
a preceding paper6 . As has been pointed out in4 , 
the mapping is possible only for global observables, 
i.e. the stationary quantum numbers and the S-
matrix. The functional definition of the stationary 
quantum numbers has been discussed in 1 , while 
the *S-matrix has been constructed only for spin 1/2 
Fermion-Fermion scattering so far8 -9 . In this paper 
the functional $-matrix construction is discussed 
in full generality, i.e. for all types of scattering 
processes between particles with arbitrary angular 
momentum. To be able to perform functional 
calculations of interesting high energy phenomena, 
the nonlinear spinor equation regularized by non-
canonical Heisenberg quantization10 is assumed 
to be the basic field equation. But the method can 
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be applied to any quantum model, provided it 
gives finite results and contains particles with 
higher angular momentum i.e. composite or dressed 
particles. In the case of undressed particles the 
^-matrix definition is reduced to that given 
already in 8. 

1. Fundamentals 

The connection between nonlinear spinor theory 
and its functional map has been discussed in 11. 
Therefore the fundamentals may be discussed only 
in functional space. The appropriate state descrip-
tion is provided by the normal functionals4 ,11 . 
They are defined by a power series expansion 

oo . 
1 0 o ' ) > : = 2 - T <fn • • • Xn"> to) • • • ?an (*») I 

n = o n• a i a n 

(1.1) 

where for double indices and coordinates the summa-
tion convention is assumed. The power series func-
tionals occuring in (1.1) are defined in 4,11,12 j}y 
(1.1) the functional equation 
S*(x) [dx(x) + G%(x — x') V£yö dß(x') dY(x') dö(x')] 

X I < * > ( ? ) > = 0 ( 1 . 2 ) 
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has to be satisfied where Sy(x) is a suitable symme-
trization operator 1 1 » 1 3 ' 1 4 and the definition 

d x(x):=F(xz)j*(z) + dx(x) (1-3) 
x a 

is used. For a review about the functional space 
see 1 1 . Addit ionally the symmetry conditions 

I & (?')> = Vn | 0 (?)>; O (?')> = m*\0 (?)>, 
1 0 (?)> = 5 (s + 1) 1 0 (?)>; (1.4) 

©3 | O (j)> = s310 (?)>, 

defining the maximal set of quantum numbers with 
respect to the Poincare group have to be satisfied 
b y state funct ionals 7 , 1 5 . W e do not discuss further 
quantum numbers arising f rom gauge groups etc. 
I t is assumed, that the set of solutions of (1.2) 
(1.4) provides a complete set of physical states of 
the theory. Generally for physical states one has to 
distinguish between stationary states and scatter-
ing states. For the calculation of stationary states 
a method has been proposed in 1 1 . The functional 
state vectors satisfy homogeneous equations, and 
it is assumed, that the operator kernels of these 
equations determine the stationary states com-
pletely like in the simpler case of Fredholm equa-
tions. On the other hand scattering functionals 
have to be characterized b y initial conditions, 
arising f rom the ingoing resp. outgoing particle 
configurations before or after the scattering has 
been occured. These initial conditions have to be 

incorporated in the description of scattering 
functionals. This has been done for Fermion-
Fermion scattering in 8,9,11 N o w we discuss the 
general case. 

2. Scattering Functionals 

The initial conditions of scattering states are 
free many particle states of dressed particles. T o 
construct them we consider a one particle state 

I $*(j)> 

••=2^V<Pn(xi...Xn,®)j(x1)---j (*n) \q>0> (2-1) 
n 

where $ means the set of quantum numbers 
defining the particle state completely. This state 
can be constructed by applying a creation operator 

: = Z » T <pn(xi...xn,®))j(xl)...j(xn) (2.2) 
n 

on | (po). From (2.2) immediately follows a many 
particle state 

\0(j,®i... ®n)> := • • • | <po> (2.3) 

by repeated application of creation operators on 
|<po>. While the one particle states (2.1) are solu-
tions of (1.2) and (1.4), the many particle states (2.3) 
do not satisfy (1.2) but only (1.4). 

Stat.: The many particle states are solutions of 
(1.4) but in general not of (1.2). 

Proof: W e consider first a generalisation of formula (3.6) of 7 which reads: 

a + ( f t i ) . . . « + ( « » ) | ^ o > = 2 — 1 — i l 2 + 1 ^ ( ^ ) 1 

ei...Qn c 1 lvi = l v „ = l J 

• <pQl [x{p . . . , ft!)... <pen (x™ ... a£>, ft,) j (41*) ...j (a&>) I cpo> . (2.4) 

B y observing n 
<jpn (Pl---Pn, ft) = 6 (pSt — 2 Pi) <Pn (Pi • • • Pn) (2.5) 

i= 1 
we obtain the relations 

n n n 

| 0 ( j , fti... ftw)> = ( 2 pf) I 0 (h • • • » » ) > , S£2 | 0 (?, « 1 • • • ®n)> = ( 2 rf') ( 2 Phm) I 0 (?' « 1 • • • ®»)> ' 
j= 1 j— 1 1= 1 

®ß 10( j , ft! ... ftw)> = 8(8+1) I 0(j, ftl ... ft„)>, ©3 I 0 (j, ftl • • • ft»)> = S3\0 (j, fti . . . ftw)> (2.6) 

where S denotes the quantum number of the total angular momentum (relative to the center of mass 
o f the w-particle system) and S3 that of the third component. 
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The first one is clear. The other ones are obtained by the same procedure. Therefore the first state-
ment is verified. 

For the second statement, we observe, that any one particle solution does satisfy only Eqs. (1.2) 
and (1.4) as no further physical conditions are required. 

Denoting the operator of Eq. (1.2) by 

d) = j*{x) Ph(x) G*(x - x') VßJö dß(x') dv(x') dö(x') (2.7) 

for a one particle state 5f+(t ) | cpo) the equation 

[m* - (j, d) ®A (j, d)] (&) I cpo) = o (2.8) 

has to be fulfilled. If \&(j, . . . t n)y would be an eigensolution too, a necessary condition would be 
to satisfy (2.8) also. We show that this is not true. We consider the special case of a t w o particle state 
1 0 ( j , t i , St2)>. Then we have due to (2.8) 

[ma - d) d)] 31+(SO 91+(®2) | <p0> = [(m2 - d) $»(?, d)), 2 l+ ( t i ) ] - 21+(f2 ) | <p0> • (2.9) 

A necessary condition for 51+(ti) 9 f + ( t2 ) | (fo) to be an eigensolution is the vanishing of (2.9). As the 
one particle state $ l+(t 2 ) j 9?o) satisfies only Eqs. (1.2), (1.4) this can be achieved only by 

[(m2 - ®h(j, d) d)), 2l+(S?i)]-> = m2 - d) d). 

By direct calculation it can be shown that this is not fulfilled, therefore | 0 (j , , t 2 ) > is no eigenstate. 
For higher states we have 

[m* - ® h (j, d) (j, d)] I 0 (j , t l . . . t „ ) > 

= [ W 2 - $ A M ) \ ( p 0 > . (2. io) 
1=1 

In this combination at least the term with l = n — 1 is + 0 due to the statement about the two particle 
states. Therefore in general (2.10) is #= 0 and the many particle states (2.3) are no eigensolutions of 
(1.2). q.e.d. 

The physical reason for this property of many 
particle states is obvious: As in nonlinear field 
theories the interaction cannot switched out, only 
stable one particle solutions may exist. Any many 
particle solution has to be a new stable one particle 
solution, i.e. a new dressed particle or a scattering 
state. For a new stable particle the quantum 
numbers of the constituents cannot be fixed. 
Therefore (2.3) has to be a scattering state. But 
also scattering states in general cannot exist with 
one fixed free particle configuration, therefore (2.3) 
cannot be a solution of (1.2). As the operators (2.2) 
create dressed particles, the following holds 

Stat.: The algebra generated by the dressed 
particle creation operators 5 I + ( t ) and destruction 
operators ( t ) is not isomorphic to the algebra of 
the free particle operators ( t ) , 9I / (t ) . 

Proof: For free particle states the functional 
creation operators are given for Spin 1 /2 fermions by 

ytf+m — n^Hx1)- (2 . i i ) 

Also for higher spin particles analogous local 
operators may be defined. B y direct calculation the 
commutators and anticommutators of the dressed 
particle algebra and the free particle algebra may 
be derived. A comparison shows that a mapping is 
not possible in general. 

As can be seen the dressed particle algebra is 
much more complicated than the free particle 
algebra. But this is no serious difficulty as the 
complete dressed particle algebra is not required for 
practical calculations. Concerning the connection 
with physical Hilbert space, the following statement 
is given: 

Stat.: The dressed many particle states in func-
tional space can be mapped on dressed many 
particle states in physical Hilbert space. 

No proof of this statement is given, as a proof 
depends on the cluster properties of vacuum 
expectation values, which are not explored satis-
factory. 

To apply the states (2.3) for the construction 
of scattering states, it is necessary to consider 



wave packets of (2.3). These are given by linear 
combinations 

\0(j, a)> : = Cam . . . Ä«) \0(h ...«»)> (2-12) 

where a denotes the quantum numbers of the 
packet. B y a suitable choice of wave packets the 
configurations of free dressed particles can be arrang-
ed to have an almost vanishing interaction. This 
is the starting point of S-matrix construction in 
ordinary Hilbert space. For the scattering func-
tionals then the following theorem is assumed 

Stat.: The scattering functionals | <Z><±> (?')> for 
an initial or final configuration (2.12) of free dressed 
particles decompose into 

I <Z>(±) (j, «)> = | X ( ± ) (?> a )> + I 0 (?> a )> • (2-13) 

Proof: An explicit proof will not be given, as 
many assumptions are required. W e only give a 
hint. The proof should run like that in 8 , if one 
observes, that the total Hamiltonian in physical 
Hilbert space can be decomposed into a spectral 
representation of free dressed many particle states 
and an additional interaction energy between these 
states. Then the considerations of 8 can be applied. 

Finally we look for a method of explicit construc-
tion of scattering states. Substitution of (2.13) into 
(2.8) gives with (2.10) 

d)]\x(±)(j, a)> 

= 2 > + ( t i ) . . . 2 l + ( £ Z - i ) (2.14) 
7 = 1 

X [{m*-<5)h{j,d) 

I f one assumes a power series solution of 

[m2 — ± i y ] - 1 

one obtains from (2.16) by evaluation of the right 
side 

1 = 0 \m / \*=1 
X [ { m 2 - $ A £ A } , ^ ( £ * ) ] - (2.15) 

This solution corresponds to the common Born 
series. It may be used if no resonance scattering 
occur. In the case of resonance phenomena the 
reciprocal has to be studied more thoroughly. 

3. 5-Matrix Construction 

For the construction of the ^-matrix a scalar 
product definition in functional space is required 
especially for spinor field functionals. The possible 
functional spaces and the scalar products of their 
base vectors are discussed in 4,11,12 The mapping 
between functional state space and physical state 
space is produced by the selection of a definite 
functional space. This is done by the suitable 
choice of a weighting functional W. In preceding 
papers a weighting functional W = exp {— j G j} 
has been proposed6» n > 8 ' 9 . I f G is squareintegrabel 
in both coordinates no divergencies occur in the 
map. But as has been pointed out in 6 no general G 
valid for all theories can be found. Rather a special 
G has to be defined for any special theory to provide 
a physical meaningfull map. Therefore it is of 
interest to look for an universal weithting factor 
valid for all theories. To achieve this we introduce 
the following definition 

00 ßi ßm 

JP : = 2 e » | 2>» ( y i . . . V m ) > d * <5 (yi - 21) 
nt = 1 

• • • • <5 (ym — zm) (Dm (21. . . zm) I (3.1) 
Yi. Ym 

with the power functionals 

I Dm (yi •. • ymm)>: = ißl (2/1) • • • ißm (Vm) I ?>0>. (3.2) 

Applying now the expressions for power functional 
scalar products o f 4 » 1 1 » 1 2 the following theorem 
holds 

Stat.: I f 1 0 a ( j ) > and | 0b{j)y are state functionals 
of type (1.1) then 

00 
lim < 0 a (j) I W10b (?)> = 2 Cv(a, b) <5" (0) (3.3) 
e->0 » = 0 

is valid. 

Proof: The proof is given in appendix I I . 

The power terms of <5(0) result of the socalled 
disconnected graphs. For exponential weights 
these terms are suppressed, i.e. they are finite. For 
the universal weight (3.1) they give rise to diver-
gencies. Therefore the scalar product of state 
functionals cannot immediately defined by (3.3). 
T o avoid this difficulty we therefore define the 
physical functional scalar product by 

Def.: 

(0a(j)\0b(j)):=Km<0a(j)\ W\0b{jy>lm_o (3-4) 



i.e. this scalar product is defined by the zero order 
term of the expansion (3.3). This definition provides 
a suitable map between the functional and physical 
state space. The following holds 

Stat.: Stationary functional states | 0a(j))>, 
| 0b{jY) are orthogonal for a + i . 

Proof: A n y stationary state is characterized by a 
maximal set of quantum numbers. I f this set is 
chosen suitably no degeneracy occurs. This is 
assumed for the following. Therefore if a 4= b, among 
the set of quantum numbers a := («1 ... an), 
b (61 . . . bn) at least one pair a a , is different. 
As the quantum numbers are defined by the eigen-
values of group generators of the corresponding 
symmetry group we denote the corresponding 
operator by 

© a :=}x(v)Ga(z)d*(z). (3.5) 

Then we have 

<0b (j) \W®*\0a (?)> = «a <&b (j) \W\0a (?')>, 

<0a (j) I W ©a I 0b (?)> = 6a (0 a (j) \W\0b ( j )> . (3.6) 

B y direct calculation follows 

{0a (j) \W\0b (;j)> = (0b (j) \W\0a (j)> x (3.7) 

where X means complex conjugation. Therefore 

from (3.6) follows 

<0b (j) \W&a\ 0a (j)> - < 0 a (j) I W ©a J 0b (j)> x 

= (a*-b«.)(0b(j)\W\0a(j)>. (3.8) 

As © a leads to an observable quantum number, we 
may assume G^(x) to be a Hermiteam operator 
without restriction. Observing this and the defini-
tions of scalar products between power functionals, 
by direct calculation follows 

<0b (j) I W ©a I 0a (;j)> = {0a (j) \w®*\0b 0')> * (3.9) 

and therefore f rom (3.8) 

<0b{j)\W\0a{j)> = O ( « + q.e.d. (3.10) 

Choosing a suitable normalization one therefore 
has an unitary map between stationary functional 
states and physical states. This map can be extended 
to scattering states. W e proof the following 

Stat.: I f I a) and | b} are base vectors of irreduzible 
representations in physical Hilbert space, then 
I 0 a { j ) y and j 0b(j)} are base vectors of the corres-
ponding irreduzible representations in functional 
space. 

Proof: Irreducible representations are defined by 
the diagonalization of a maximal set of correspond-
ing group operators. This definition does not depend 
on the representation space. Therefore if these 
operators are diagonalized in physical state space, 
they are diagonalized in functional state space, too. 

Stat.: I f |a> and | 6 ) are orthogonal base vectors 
of irreducible representations in physical Hilbert 
space, then also | 0a(j)) and | 0b{j\) are orthogonal 
-with respect to (3.4). 

Proof: The proof runs like that for stationary 
state functionals. The property that the stationary 
functionals are solutions of (1.2) is not required. 

B y the preceding statement the scattering func-
tionals can be treated to 

Stat.: Between scattering states |a (± )> and 
1 0 a ± ) { j ) y an unitary mapping is provided by (3.4). 

Proof: A n y physical state has to be a base state 
of a representation of the corresponding symmetry 
groups. In contrary to stationary states, the 
scattering states generally do not generate irredu-
cible but reducible representations. As the entire 
representation space is given by the direct sum of 
the base vectors of irreducible representations, it 
follows that any scattering state can be decom-
posed into irreducible parts 

l « ( ± ) > = 2 c ' i ± ) ( a ) l a > i r r - t 3 - 1 1 ) 
a 

But from this follows 

I (?')> = 2 C i ± } M I 0a(?)> i r r • (3-12) 
a 

Therefore if one considers for a suitable normaliza-
tion the scalar product 

irT(ß I a(±)> = irr<^ (j) I W I (j)} = <7<±> (ß) (3.13) 

one obtains an unitary mapping of the physical 
into functional state space. B y this the S-matrix 
may be defined immediately 

De/ . : 
Sab:=(0^(j)\0^(j)). (3.14) 

From the statements proven in the foregoing it 
follows immediately 

Stat.: The definition of the S-matrix is invariant 
against the map between functional space and 
physical space. 



Proof: The ^-matrix in physical state space is The same result is obtained by substitution of 
defined by (3.12) into (3.14) and by observing the unitary 

Sab = <a< - ) | M+)> . (3.15) equivalence between the base vectors of irreducible 
_ . representations, q.e.d. 

Substituting the decomposition ot scattering states 
into irreducible states (3.11) one obtains Acknowledgements 

Sab = Y C{~^ (a) ( a ) . (3 .16) For various discussions and for controlling the compu-
a a tations I am indebted to K . ILLIG and G. SCHÄFER. 

Appendix I 

In this appendix we discuss the spectral representation of r-functions. It is 

r „ (*i . . . * „ ) : = <01 TV^xi)... {xn)\fxny (1.1) 
ai an 

= P2 I ( - <01 ^ (xXl) {[in-11 (xj I fin} & {a (xXl - xj)... 0 (a (x^ - xK)) 

where Wa.{x) is the Hermitean field operator of the nonlinear spinor field, a a timelike four vector and 
| /uny a physical state in Hilbert space. (1.1) may be written 

rn(x1...xn) = P 2 2 l)p M(/ui... /un)exp{i(po -p^x^ -\ 
ai an h..An ni...//n-i a^j aXn 

+ i (P»n-1 - Pnn) 0 ( « [ x ^ ~ . . . 0 (a { x ^ - xK)) ( 1 .2 ) 
with 

M (fj,i ... fin) : = <01 ( 0 ) I • • • (fJLn-11 ^ a A n ( 0 ) | fln} . ( 1 .3 ) 
«Al aAn 

Formula (1.2) may be calculated in the rest system i.e. for a = (1, 0, 0, 0) 

T n(Xl...Xn) = P 2 2 ( ~ 1 ) P M ( F I X . . . FIN) 
ai an vi- ' -fn-i a ^ a.Xn 

X exp { - i 2 (PM. ~ p„.J U. ~ * 2 (P% ~ K } & K ~ h2)... 0 - t j (1.4) 
S=1 «=1 

with p : = (p°, p). Then the Fourier transform of (1.4) reads 

Tn(qi:-qn) = PZ 2 
ai an Ai...;.n /ii...,un-i a ^ a^n 

x ^ 2 u - Ö ( 2 & - a ) n « ( 2 ^ 2 A - Ä + i • (1.5) 

Proof: To prove (1.5) we apply the inverse Fourier transformation on (1.5) leading to 

(ll...fn-l aAl a;-n J \Ä = 1 / \«=1 / r = l \0=1 / 

• ( 2 A - A + » 1 e x P j - £ ( < > * a + Ä « * , ) } • • ••d<?«• ( L 6 ) 

B y the substitution of the new variables 
r 
2 = if ' ^r = br — br-1, 

2 & = *?> A = 2? - 4 - i ( i .7) 



we obtain from (1.6) 

A = P 2 2 ( - 1 ) P M <A*1 ' • • ßn) f ^ (in - VJ <3 (Z°n ~ rfj ff* (är ~ P/J " A + * e)"1 
Ai...;.„ m...Hn-i 0t;n J r=l 

x e x p j - i i [(a, - + (2? - z?^) y | d Z l . . . deM (1.8) 

X exp | - i 2 [(5/ - ai-i) + (2? - z ° - i ) - i [(*V„ - in-1) Un + — «S - i ) d z i . . . dzw_i . 

Now we apply the auxiliary formula 

- inf\(hl ~ hi-1) E* + (*? - z f - i ) « J - i [ (^ B - in-1) ?,.„ + (p®. - zn—l) h j 
1 = 1 

= - ^ 2 ^ ( a - a J + t o . - O ] - » a - * rf. hn (i.9> 
S=1 

substitution into (1.8) and evaluation of the (5-functions then gives 

2 (— j f ( / «I . . . A«») f n — Ä + » Ai...A„ tu...fn-i a^ <xxn J r = l 

Xexpj-J^Wtei. - + zs(h. ~ h.J]-ip,nUn- ip°Mnh^dz01...dz0n_1. (1.10) 

In this integral poles occur for 2® = p®r — ie in the complex z°-plane. Applying the residual integration 
the contour has to be closed in the upper half plane for tXt — < 0 resulting in A = 0. For tXt — tXf+1 > 0 
the contour has to be closed in the lower half plane giving A = Ao #= 0. Therefore for arbitrary t— tXt+1 

the result may be written 
A = Ao 0(th - th)... 0(t^ - t j , ( L I 1 ) 

with 

A o : = P Z 2 ( - 1)P M (px . . . / in ) 

X exp j - i2W. ( a - a + l ) + P% K - O ] - * Un - » Pi • (1.12) 

Applying now the auxiliary formula 
n —1 n 

- » 2 Pn. - ~ i Pt'n x>n = 1 2 - PiJ a • (1-13) 
«=1 s=1 

(1.11), (1.12) is transformed into 

^ = 2 (1.13) 
Al...An t'l...fn-1 aAi aA„ I S = 1 J 

= Tn (zi • • • Xn) q.e.d. 
ai a n 

The Fourier transformed r n will be used to discuss the scalar products of state functionals. 



Appendix II 

To evaluate the functional scalar product of Section 3 we do not discuss the normal functionals | &{])*), 
but the timeordered functionals 

\Z(j)>:=e-W\&(j)> (II. 1) 

where F is the vacuum two point function of the theory. Because of the simple connection between normal-
and timeordered functionals any statement about the timeordered functionals can be applied equally 
well to normal functionals. It is 

oo ai an 

I £ (?')> = 2 • • • *» ) I D » • • • *»)> • (H.2) 
n = 0 ai a n 

Observing the definition of W and the scalar product of power functionals 

<Dk(«1 • • • uk) | Dm (y\... ym)> = ^ «5(ui ~ VJ • • • & ( * » ~ VxJ (Ü.3) 
** K m -> Ax . . .Am 

we obtain 
1 ai an En _ ax an ^ 

<Xa ( j ) | W | %b { j ) } = 2 TnJW Tn («1 • • • « » ) («1 • • • « » ) = 2 (n ')2 ?» ) T » • (H.4) 
n * ai a n n ' ai a n 

Now the statement (3.3) reads 

lim <£ a (?) | IT | (?)> = 2 ^ («, 6) (0) • (II.5) 
6-*0 V 

Proof: By (II.4) we evaluate (II.5) in Fourier space by using (1.5). To prove (II.5) it is sufficient to 
show, that (II.5) contains at least Ao(a, b) 4= 0 and at least one Av(a, b) #= 0 with v 4= 0. We obtain 

<^a(j)\w\xb(j)y 
I a« din / n \ 

= 2 £ W 7^7)2" 2 2 M(p1...fin)M(n'l.../j,'n) J d q i . . . d q n d g ? . . . d g 0 ( 5 
n Ai...An pi...fin-i aA1 ' ...aAn ' \s=l / 

Ai'...A„' ni'...n'n-l 

X Ä ( 2 . A - A ) N 0 ( 2 A - *>*) ( 2 A - A - i Ä ( 2 V / - > v ) A ( I A - A ' ) 

X ff d( 2 - PJ\ [ 2 A' - A- + ^ r 1 ( I L 6 > 
r = l \/S = l / \ß=t / 

<*Ai a^n = 2>"7^r 2 2 M(/*1.../jln)M(ri...itid(pllH-Vj J d < n . . . d q „ d 9 ? . . . d g O (II.7) 
Ai'... An' j"l'.../i'n-l 

x ^ ( i ? A . - n ^ - <5 ( 2 q v - ( 1 A - A - »• ( 2 A - A - + 

= 2 £ n 2 2 M ( / " I " ' •••,"») <5 - ?>„,.') J dgi . . . dgr„_i 
n ( > A ! . . . ; . „ Ad... ^„ -1 a v a ; v 

Al ' . . .A n ' m'...n'n-\ 

X ff* f 2 ^ - Ü f 2 - v ) ( 2 A - A - * £ V' f 2 A' - A' + * ^ ( I L 8 ) 
r = l \/3= 1 / \ß=l 1 \ß= 1 / \ / J = l / 

The permutations A i . . . can be eliminated. From (11.8) then follows 
1 ai an 

<2a|iF|s*> = 2 £ M 2 , 2 n ' Ai'... An' Hl.../tn-l CtXi' a A n ' / T T Q \ 

x j d f f i . . . d q ^ f f d ^ 2 « t ß - t v ) ^ ( i ^ v - K r ) ( l f ß - A - »•£) 1 ( 2 A ' - A ' + * £ ) 



Further the integration paths may be completed to closed contours in the corresponding 
complex planes. This gives 

\ "ft (1«? - A - " ) ' { i f , - - A- + 1 ? ) ' , 

- f n ( „ I 9 ? - A - ( 2 A - - + »• •>)"' «W • • • • <H 10) 

s 
This poles in the upper half plane are q°s = ^ l ) Ä + f c ( A + 1 e)- Therefore one obtains 

i n f i 9? - a - e ) _ 1 ( £ & - A ' +< £ V 1 • • • 

= ( 2 . W 1 n ( , 2 j t ( - ( A + is) - A ' + i e j 1 (11.11) 

s 
By integration of the (^-functions follows qs = (— l ) s + i and therefore 

ai a n 

a « | = 2 2 M(^...^n)M(fz[...1u'n)d(pfln-p^) 

x n ^ i 1 ( - 1 ) V + * P * - Ü ( £ t i - ^ ' ^ v l - p l + i e ) . 1 (11.12) 

Due to the (5-functions and the limes procedure E - > 0 only four momentum vectors are admitted satisfy-
ing the conditions 

2 2 = r = l , . . . , » - l . (11.13) 
ß=lk=l 

This is equivalent with 

2 ( - l ) V _ t Pn = 2 ( - 1 ) ' " * > r = 1, . . . , » - 1. (11.14) 
ifc = l & = 1 

By this (11.11) goes over into 
. ai (Xn 

<2a I IF I = 2 e71 - r 2 2 M • • • Pßn-1 ^ n ) ^ (/>«!' • • • PwB.X 2Vn) <5 (/>„„ -

T P ( 2 1 ) v " t f « - 2 ( - ( 2 ( - - 2 ( - 1 ) - * A ' + * « V * ( n . i 5 ) 
r = l U = 1 = l / U = 1 = l / 

In (11.15) the summations over the intermediate quantumstates have been replaced by summations 
over four momentums, due to the symmetry properties of the theory. No other quantum numbers are 
considered additionally, as they are of no importance for our proof. Applying the substitution 

2 ( - = Pur = ^ + V - l • (11.16) A ; = 1 
(11.15) goes over into 

4 ~ «1 «n ^ 

n 71 • ni.-.Hn-i (W a;.n' 
/'I n-l 

n — 1 
X <5 (TV, - - W ) ( 4 v - » e ) " 1 . (11.17) 

r= 1 



The summation can be subdivided into a part 2 1 containing no vacuum state and the rest part where 
the intermediate states contain the vacuum state | 0 ) of the theory 

2 = 2 1 + 2 2 • ( n - ! 8 ) 
/ll.../in-l Hl...Hn-l 

/u'.../i'n-l ni'...n'n-l 
Due to symmetry properties ]>1 contains for any intermediate state an integration over the momentum 
space. Therefore (11.17) can be written 

J ^ Oil otn-l <Xn ^ 
<Za\W\Zby = 2 — r 2 1 M (z/*i • • • z»n-x Pun) M • • • zfirn-1 2 V ) ä (pMn - pMn') (I1 m 

n n- a v a/'„_x a v ' ; 

. „ ai an _ n— 1 
+ 2 TT 2 2 M ^ • • • Pm.) M (W • • • Pm N) <5 (P,n ~ PßJ n * ii/Or' ~ M ( ^ V ~ + % S)' ' 

n n - V . . . V fi...fin-i a v a v r= l 

From the first term in (11.19) all (5-functions are eliminated and only the momentum conservation is 
present. This term therefore contributes partly to Ao(a, b). Now we show, that contains at least one 
<52(0) term. By construction contains the vacuum state. W e assume | p^/} = |0).Then from (11.16) 
follows z,. ' = — z..' , and one obtains A* x-l 

^ ^ Oti (Xn ^ 

2 £ W V r 2 2 2 ( ) = 2 £ M ^ 2 2 2 M (2/.1 • • • ^n-X P,n) M . . . Vn-X P,n) « (PM. ~ P»n') 

x <3 (J « . - <3 ( a W V l + (hjuA/ - h, ' ) - z j / + i e ) - 1 . (11.20) 
r = 1 

=t=x,x — 1 

Among all permutations ?,e the values Xx = x, = x — 1 have to occur. Also for the summations 
terms with fix — jux and jux-i = have to occur. But then follows 

b{bnhc' — hrJ)&{bn'n-i + in,') = ö(itu*' + 1 + W ) 
= »(W + S ^ - J «(V.-X + w ) = 0 2 (°) • ( I L 2 1 ) 

B y this it is shown, that ]> 2 contains at least one <52(0) term. (II.5) therefore has to be a power series 
in 6(0) q.e.d. 


